Abstract: We present an analytic approach to solving 1+1 dimensional QCD with an adjoint Majorana fermion. In the UV this theory is described by a trivial CFT containing free fermions. The quasi-primary operators of this CFT lead to a discrete basis of states which is useful for diagonalizing the Hamiltonian of the full strongly interacting theory. Working at large-N , we find that the decoupling of high scaling-dimension quasi-primary operators from the low-energy spectrum occurs exponentially fast in their scaling-dimension. This suggests a scheme, whereby, truncating the basis to operators of dimension below ∆ max , one can calculate the low-energy spectrum, parametrically to an accuracy of e −∆max (although the precise accuracy depends on the state). Choosing ∆ max = 9.5 we find very good agreement with the known spectrum obtained earlier by numerical DLCQ methods. Specifically, below the first three-particle threshold, we are able to identify all six single-particle bound-states, as well as several two-particle thresholds.
Introduction
In this paper we explore a new technique for solving a strongly coupled field theory. The idea is based on intuition gained from holographic models of strong dynamics where a CFT is broken in the IR by a single relevant operator. The resulting IR states are thus characterized in terms of a single dynamical scale, Λ s . The basic observation, suggested by holography, is that high scaling-dimension operators (or more precisely, operators in the CFT with a large conformal Casimir) do not have much overlap with the lightest states of the energy spectrum [1] . In fact, under generic conditions, the analysis of [1] implies that high scaling-dimension operators can decouple exponentially fast from the lightest states. In other words, given a primary operator of dimension ∆, O(λx) = λ −∆ O(x), the amplitude of that operator to create the lightest state depends exponentially on its dimension: Ω|O(0)|ψ ∼ e −c∆ p . A simplistic bulk model further links the power p to the asymptotic behavior of the density of states, predicting that for a QCD-like theory, p = 1. Having called the low-dimension sector of a CFT, the effective conformal sector, we will call this conjectured phenomena effective conformal dominance. An optimistic interpretation of this dominance is that if one focuses on the lightest states of the theory, then a bulk model which contains only fields dual to the effective conformal operators might be sufficient. In particular, if the decoupling of operators occurs exponentially fast, then such models might be useful even for broken CFTs which do not have a large gap in the scaling-dimensions of operators, such as QCD. In this work we will find further evidence for this decoupling in a theory whose UV description is a trivial 2D CFT, that of free fermions in the adjoint of SU (N ). Such a CFT has no gap in the scaling-dimension of operators, and in this sense is quite similar to 4D QCD in the UV. However, when we couple the fermions to an SU (N ) gauge field through a relevant coupling, we find that the high-scaling dimension operators decouple from the low energy spectrum of bound-states exponentially fast. 1 In fact, we will use this observation to propose a new way of solving this theory as an expansion in the maximum scaling-dimension, ∆ max , of the quasi-primary operators used to describe these bound-states. One may think of this in the holographic language as including only fields in the bulk whose bulk mass is smaller than a certain number. Although, the motivation for this approach comes from holographic models, the method we will describe is entirely field theoretic.
We chose QCD 2 with an adjoint (massless) Majorana fermion (QCD 2A ) as a laboratory for effective conformal dominance due to its partial similarity to real QCD. 2 As mentioned, the UV of this theory is a very simple CFT, while its IR contains bound-states of the adjoint quarks. We will study this theory in the limit of large number of colors, N , where many very nice results have been found using numerical Discrete Light-cone Quantization (DLCQ) techniques, including a detailed understanding of the low energy spectrum [4] [5] [6] [7] . Our methods can also be applied away from the large-N limit, however the resulting spectrum will be more difficult to interpret as most bound-states will develop widths. Unlike the case of QCD 2 with fundamental fermions (i.e. the 't Hooft model [8] ), the large-N limit of the adjoint theory does not reduce to quantum mechanics, and thus cannot be be solved analytically using previous techniques. Indeed, at large-N , planar diagrams allow for adjoint-quark changing processes and therefore generic eigenstates of the Hamiltonian will not be states of definite particle number (however, as has been found numerically, the single-particle states are largely states of definite particle number). In this sense this theory is more like real QCD at large-N . Where this theory differs from QCD 4 is in the behavior of the flux string at large-N . At large-N , QCD 4 confines, whereas QCD 2A is in the screening phase (in the massless case) [9] [10] [11] . As a result, the spectrum of adjoint QCD 2A is quite different. In particular, the presence of a screening length (which is of order the strong coupling scale), implies that long strings fall apart, and hence the theory does not contain a Regge trajectory of single-particle states. Instead, single-particle states can be qualitatively described as tight bound states of fermions with a definite particle number connected by "short" pieces of flux (of about the screening length). With each additional fermion, one adds another "short" piece of flux to the bound state, leading to the expectation that the mass of the bound states grows linearly with particle number. This linear growth can be seen readily in the single-particle spectrum (Fig. 1) . Since there are very few single-particle states at large-N , a natural question is, which states do the many remaining single-trace fermonic operators create? As argued in [10, 11] and then verified numerically in [6] , single-trace operators can, surprisingly, create multi-particle states. The full spectrum at large-N thus contains both single-particle states as well as multi-particle thresholds.
Our goal in this work will be to reproduce the low-energy spectrum of large-N QCD 2A , previously obtained numerically via DLCQ. Our method is, very roughly, an expansion up to order e −∆max for the low-lying states. For a given ∆ max , we expect the expansion to be ineffective for sufficiently excited states. In practice, we will be approximating the parton wavefunction of a given energy eigenstate, Ψ(x 1 , x 2 , x 3 , ...), which is not an eigenstate of particle number, in terms of a basis of states related to the quasi-primary operators of the free quark theory. We will see that each quasi-primary operator is described in terms of a particular polynomial in the parton variables, x i , defined on the simplex spanned by these variables. Restricting ∆ max is akin to placing a bound on the degree of the polynomials used to approximate the parton wavefunction. Hence, in this case, effective conformal dominance is simply the observation that the low-energy states can be very well approximated by low-degree polynomials. The higher the energy of the state, the higher the degree of the polynomial needed to describe it, and therefore the larger the overlap of the state with a high scalingdimension operator. Quasi-primary operators, being orthogonal to each other in the CFT, naturally form a convenient orthogonal basis of polynomials on a simplex.
We will consider operators up to dimension, ∆ max = 9.5. This is simply because, to calculate the low-energy spectrum to a high degree of precision, we need to evaluate certain multi-dimensional integrals. Analytic expressions for these integrals can be written down in principle. However, much like with Feynman diagrams at high-order in perturbation theory, this quickly becomes very tedious, as the integrals become more complicated, and their number grows exponentially with ∆ max . Instead, we will evaluate these integrals numerically. 3 These integrals become more time-consuming to evaluate numerically as ∆ max increases, and we have not looked for a particularly efficient method for performing this numerical calculation. At ∆ max = 9.5 our basis contains 810 states when all sectors are considered (as compared to the more than 6700 states typical in a DLCQ calculation). Still, we will see that though our basis is much smaller, due to effective conformal dominance, we readily converge to the known results for the first six single-particle states. We also find evidence for two-particle thresholds, both in the sectors of what would nominally be the bosonic and the fermionic bound-states (i.e. ignoring the topological sector's influence on the quantum numbers of a state). Of course, with a finite basis of states, we do not see a continuous spectrum near the first two-particle threshold. However, knowing the masses of the single-particle states, we are able to properly model the approach to the continuum at a given ∆ max with our method, which we explain in detail in section 4.2. As we will show, we find evidence for the two-particle thresholds associated with the two lightest fermions. However we do not, at our ∆ max , yet find clear evidence for any two-particle state containing bosons (in either sector). We have not attempted to model the approach to the first three-particle threshold in our method, and thus we cannot hope to clearly identify any states above this threshold.
The paper is organized as follows. In section 2 we briefly review QCD 2A , and its formulation in light-cone coordinates and in light-cone gauge. This section contains the M 2 operator, whose spectrum it will be our task to find. We then describe our basis, built form conformal quasi-primary operators in section 3. Next, we present the result of diagonalizing the M 2 operator in our basis (truncated at ∆ max = 9.5) in section 4. We comment on both the single-particle spectrum, as well as on the approach to the two-particle continuum. Finally, we conclude in section 5, and make some comments on the possible lessons of this analysis for holographic modeling. Some technical results are included in the appendices for the benefit of the reader.
Review of QCD 2A
Two-dimensional QCD with a massless, adjoint quark is most conveniently expressed using light-cone coordinates, x ± = (x 0 ± x 1 )/ √ 2, and in light-cone gauge A − = 0. The action is given by
where ψ and χ are respectively the left-moving and right-moving fermion (analogous to chiral fermions in 4 dimensions). The advantage of light-cone gauge, is that one can choose x + to be time, making χ and A + non-propagating degrees of freedom. Integrating out these fields one finds that the momentum operators are
2)
The mass-squared operator is then given by M 2 = 2P + P − . This operator is commonly written in a basis of Fock-space states, with k ψ-quarks of definite p + momenta: |p 1 , p 2 , ..., p k . 4 In this basis, it takes the following form at large-N [5] :
where the parton variables
.., p k |Ψ is the component of the parton wavefunction with k quarks. The sign in the last term is always positive for odd k and alternates with each cyclic permutation for even k. Note, that unlike the case of the 't Hooft model, there are parton-number changing terms in the above operator. Such terms are more typical of relativistic strongly-coupled field theories, and are present in real QCD at large-N . In previous work the spectrum of the mass-squared operator was found by discretizing the light-cone momentum, and expressing this operator as a matrix in the space of multiparton states carrying a total of K units of light-cone momentum. This is done by formally compactifying x − . As the integer K is taken to be large, the spectrum of the mass-squared matrix will asymptote to the desired continuum physics. Our approach will be different in that we will always be working in the continuum. Rather, we will express the mass-squared operator in terms of a basis of states which is already naturally discrete even in the continuum theory -that of gauge-singlet, quasi-primary operators of the free quark CFT. The resulting matrix can then be diagonalized upon truncation of the infinite list of quasi-primary operators to those of scaling-dimension below ∆ max . We view this as an analytic method, as we are not modifying the mass-squared operator itself or the Hilbert space of the theory (nor are we introducing some external parameter), but merely expressing the operator of interest in a convenient basis intrinsic to the continuum theory itself. Of course, for the purpose of computation, we truncate our basis, for, as we will show, the contribution of high scalingdimension operators to low-energy states is highly suppressed. This truncation is similar to standard weak-coupling perturbation theory, where, for example, the contribution of multiparticle asymptotic final states to a process initiated by a two-particle collision is suppressed. 5 
Conformal quasi-primary operators
In order to obtain the spectrum of the theory we first need to choose an orthogonal basis in order to calculate the mass matrix. Our results will be calculated truncating the matrix by choosing only a finite set of the basis states. This approach will generate reliable results for the lowest mass states as long as there is evidence that increasing the number of basis states does not substantially alter the spectrum (although one must define the precise meaning of this statement for multi-particle states).
The choice of basis is motivated by the conjecture of effective conformal dominance. We will therefore choose a basis obtained by acting on the vacuum with operators that correspond to the gauge-singlet quasi-primary operators of the theory in the conformal limit. This choice of basis gives us a natural parameter, ∆ max , with which to truncate the matrix. In other words, we include only states created by quasi-primary operators with scaling-dimensions ∆ ≤ ∆ max . In a CFT, the two-point function of two quasi-primary operators must vanish unless these operators have exactly the same scaling-dimension (as well as other quantum numbers). This further simplifies the basis, as it leads to automatic orthogonality for most basis states.
We will be interested in states created by quasi-primary operators. In a conformal field theory (CFT) such operators play a central role. In particular, all correlation functions can be calculated using conformal symmetry once the correlation functions of quasi-primary operators are known. Quasi-primary operators are defined as operators that transform covariantly under global conformal transformations. In terms of the generators of conformal transformation K − this condition translates to
where ∆ is the dimension of the operator and s its spin. At x = 0, the quasi-primary operator, O ∆,s (0), is thus annihilated by K − . Since we are working in the chiral limit, where the fields ψ and χ decouple, K + commutes with operators constructed by ψ(x − ). The descendants of the quasi-primary 6 , are obtained by acting on the quasi-primary with derivatives as (
5 In our case, the perturbation theory is not in terms of a small coupling. Instead, it is more like the case in the chiral-Lagrangian, where the perturbation is roughly in terms of
to a power. Our perturbation is roughly in terms of 1 e to a power set by ∆max. 6 By descendants, here, we mean only in the sense of the global part of the conformal group, and not the full Virasoro algebra.
Our theory is conformal in the UV, where g → 0. Hence, we can ignore the gauge fields, and write the generator K − in terms of the fermion fields
Since the left (χ) and right movers (ψ) are decoupled, we only need to consider quasi-primary operators built from ψ. They are the only dynamical fields in the theory, since x + was chosen as the time coordinate. In the conformal limit, we have ∂ + ψ = 0 by the equation of motion, and therefore we can also neglect operators that have ∂ + acting on ψ. Thus, we focus on operators of the form
where we have suppressed the spin index, since here s = −∆ , and substituted ∆ with the appropriate dimension. Note that the coefficient c s 1 ,s 2 ,...,s k has a cyclic symmetry,
due to the fermi statistics combined with the trace over gauge indices. The operators O defined by eq. (3.3) automatically satisfies the commutation relation (3.1) between K + and a quasi-primary operator. On the other hand, in order to ensure that O is a quasi-primary, there are constrains on the coefficients c s 1 ,s 2 ,...,s k from the commutation relation with K − . For example, for operators involving two fields, the lowest dimensional quasi-primary operator is given by Tr ψ ← → ∂ − ψ , as can be easily seen by using eq. (3.1). Descendants of O n+k/2 are of the form (∂ − ) m O n+k/2 . As we will ultimately be interested only in finding bound-states which are eigenstates of P − , once we know the amplitude with which O n+k/2 creates the state, the amplitude with which any of its descendants create this state is determined. Thus, the descendants do not carry any new dynamical information which is not already captured by the quasi-primaries. In sec. 3.1 we will see that quasiprimaries can be represented by the set of Jacobi Polynomials in the parton variables, x i . These variables obey the constraint i x i = 1, and the Jacobi Polynomials are known to be a complete basis on a simplex. This makes it clear that the quasi-primaries already form a complete basis, and the descendants are not needed in addition.
Generating the basis
The basis is obtained by acting with quasi-primary operators on the vacuum. It is convenient to perform calculations at fixed x + since this allows us to expand the field ψ in terms of creation and annihilation operators,
with b and b † satisfying the anti-commutation relations
These operators create (destroy) partons with a fixed momentum k + . Since bound states are color singlets, we can restrict our analysis to states created by color singlet combinations of b † ij . At leading order in N we need to consider only single trace combinations of b † 's because the contribution of multi-trace operators is suppressed. Therefore, in the large N limit, a complete set of color singlet states is given by
The quasi-primary operators of the free fermion CFT naturally have a fixed number of fields, therefore the basis states have a well defined number of partons. In addition, since the Hamiltonian conserves the number of partons of a given state modulo 2 (see Appendix B), the mass matrix is automatically block diagonal with respect to bound states being fermions (odd number of partons) or bosons (even number of partons).
The Hamiltonian also has a Z 2 symmetry, which we denote by T-parity, under which the fields transform as T ψ ij = ψ ji . We can choose our quasi-primary operators to have definite T-parity charge, i.e, T O = (−1) T O. By doing this we further break the mass matrix into four blocks, (bosonic or fermionic) ⊗ (T even or odd).
As discussed in Appendix A, the wave-functions of the (Fourier transformed) quasiprimary operators,
have a special form when expressed in term of angular variables defined by
...
In these variables the wave-functions can be expressed as linear combinations of products of Jacobi Polynomials of the form 7
7 Recall that the Legendre Polynomial is a special case of Jacobi Polynomials P l = P 
All wave-functions can be generated by these "basis" functions with the additional constraint that they lead to wavefunctions cyclic in the original momenta variables (up to a (−1) k sign). This constraint comes from the single trace requirement. This reproduces the previous result [2] that for operators bilinear in the fields, the wave-function is given by Legendre Polynomials.
We also need to ensure that our basis is orthonormal. Operators with different dimensions, different T-parity or different number of partons are automatically orthogonal. However given two operators of same dimension with equal T-parity and number of partons, O i and O j , they must satisfy
(3.10)
Here g and f are the corresponding wavefunctions defined in eq. (3.8). The factor 1/k takes care of the normalization of the color singlet state (3.7) at leading order in 1/N . The number of states in the basis of conformal quasi-primaries up to dimension 9 for the bosonic sector and 9.5 for the fermionic sector is listed in Tables 1 and 2 . Note that the dimension of the basis is almost an order of magnitude smaller than that used for the DLCQ method.
The matrix element of the mass operator 2P + P − in the quasi-primary operator basis is defined as
For example, there are 5 quasi-primary operators up to ∆ max = 5 in the T-even sector 
The spectrum of the adjoint fermion model is then obtained from the diagonalization of the mass matrix with a basis up to a maximum operator dimension ∆ max .
Results
In this section we present the spectrum of the mass-squared operator in the conformal quasiprimary basis. We diagonalize the mass-squared operator for a basis of up to dimension 9 for the bosonic sector, and up to 9.5 for the fermonic sector. Since there is no mixing between T-even and odd states, the diagonalization is performed separately for each sector. In total we found six single particle states, together with states that match well to the expected manifestation of a continuous spectrum at finite ∆ max . This agrees with previous studies [4] [5] [6] [7] . Most of the single particle states have clearly converged. That is, for these eigenstates we saw an exponential drop in the contribution of high-dimension operators, with the combined weight carried by operators of order ∆ max being at or below 10 −3 . Specifically, the lowest states in each sector converge at a rather small dimension when the basis contains only ∼ 50 states for all sectors combined. Therefore, different from DLCQ, we obtain the particle mass without the need to linearly extrapolate. The mass spectrum of the single particle states we find grows linearly with parton number.
As discovered previously [6] , we also saw evidence for a continuous spectrum starting with twice the mass of the lightest state |F 1 . We will describe the way one can identify a two-particle threshold with a truncated basis using our approach in section 4.2.
Single particle states
We show in Fig. 2 the convergence of the mass with respect to 1/∆ max for the eigenstates identified as single particle states. Here ∆ max is equal to the dimension of the highest quasiprimary operator used to generate a truncated Hilbert space. The mass-squared, m 2 , is in units of g 2 N/π. States are counted as single particle states if more than 0.9 of their weight is generated by operators with the same number of partons. It is therefore straightforward to track these states as ∆ max increases. It is remarkable that the spectrum of the low-lying Convergence of the spectrum Figure 2 . The convergence of the spectrum of the low-lying single-particle-states. Here ∆ max is the dimension of the highest quasi-primary operator used to generate a truncated Hilbert space. In the bosonic sector we calculated the spectrum up to ∆ max = 9, whereas in the fermionic sector the largest ∆ max is equal to 9.5. The second plot demonstrates more clearly the degree of convergence of the single-particle states. All states but the highest one appear to have a similar rate of convergence. The asymptotic masses are taken to be the values at the highest ∆ max calculated. The spectrum appears to converge to the asymptotic values parametrically as e −∆max . The weight in dimension for the six single particle states. In the left and the right column are the bosonic states and the fermionic states, respectively. The color code for each state is the same as that in Fig. 2. states, especially the ground states, converge rapidly even at low dimension. We obtained a spectrum with the masses in the bosonic sector being m 2 = 10.7 (2), 25.4 (4), 46.2 (6) 8 , and the fermionic sector being m 2 = 5.7 (3), 17.1 (5), 34.6 (7), with the numbers in the parentheses showing the corresponding parton number. The dashed lines in the figure indicate the DLCQ 8 The weight of this state generated by 6-parton operators is 0.84. Although it does not meet our criteria for single-particle states at current resolution, our numerical results (see Fig. 2 ) suggest that this state has not stabilized in ∆max compared to the lighter states. In addition to fitting the linear mass prediction, the wave function of this state has qualitative features that are much closer to single-particle states than to multi-particle states. Therefore we identify this state as a single-particle state.
results [6] , showing a good agreement between the two methods.
It is easy to see a linear relation between the single particle mass m and the parton number, in either the bosonic or fermionic sector, as illustrated in Fig. 1 . The deviation of this linear fit is less than 0.05. This agrees with previous studies [5] . Let us make two more comments about this spectrum. First, the bosonic spectrum starts with a heavier ground state than the fermionic sector because of fermion statistics. The two-parton wavefunction is antisymmetric under a cyclic permutation of partons, but this is not the case for a threeparton state. Consequently, the three-parton state is to leading order a constant (zero degree polynomial), while the two-particle state depends linearly on the parton variables to leading order. Integrating the approximate polynomial wavefunction against the M 2 operator, then results in the lowest antisymmetric two-parton state being heavier than the three-parton ground state (as we show explicitly below). Second, regarding, the heaviest single-particle state that we have observed, given the linearity of the spectrum, and the onset of decoupling (which can be seen in Fig. 3 ), we conjecture that the mass of the six-parton state (green line in Fig. 2 ) should settle at m 2 = 46.2 within a 0.01 variation, despite the fact that its mass does not start converging until at ∆ max = 8.
In Fig. 3 we show the logarithmic plots of the weight at each dimension ∆ for the single particle states. By weight, we mean the sum of squared-amplitudes of a state generated by all operators at dimension ∆, ∆ Ω|O ∆ |ψ 2 . In all sectors the weight drops exponentially. Except for the seven-parton state, at dimension 9 (9.5) for bosons (fermions) all the single particle states have reached a point where the variation of the weight at next dimension will be less than 10 −3 . We therefore consider these states decoupled from higher dimension operators. Their mass will not change by more than 10 −3 when we enlarge the basis. In particular, the bosonic T-even lightest state (a two-parton state) and the fermionic T-odd lightest state (a three-parton state) converge so quickly that only a basis with a few states is needed in each sector. The rapid decoupling of these states provides a consistency check on the convergence of the mass as shown in Fig. 2 .
It is also remarkable that the exponential decoupling rates of all decoupled single particle states are similar. The weight at dimension ∆ behaves parametrically as exp(−α∆). Excluding the not-yet-decoupled seven-parton state, all other single particle states have α ∼ 2, varying from 1.5 to 2.3. In general the change of the slope due to a possible mismatch of the decoupling dimension, where the tail of the exponential falling pattern starts, is only within order of O(0.1) and will not affect the number significantly..
Given the rapid decoupling in our basis, we can easily write down analytic formulae for the ground state wavefunctions, since they are generated by very few operators. The wavefunctions then enable a leading order calculation of the mass. For example, at ∆ max = 9, the lightest bosonic state has probability of more than 0.96 of being a two-parton state, and is dominated by the lowest two-fermion operator. At leading order its wavefunction can be parametrized by a single Legendre polynomial,
. Here x i is the ratio of the momentum of the i th parton to the total momentum, p i /P . The numbers in the square-roots account for the wavefunction normalization. Its mass, up to a ∼ 15% correction (compared to its asymptotic value m 2 = 10.7g 2 N/π), can be obtained from
Note that this just corresponds to the first diagonal entry of the matrix in eq.(3.13). One can include higher order corrections by diagonalizing the full 3 × 3 upper block of this matrix, which includes the contribution of operators up to dimension 4. This reduces the error in the mass to less than 2%. The corresponding parton wavefunction would be given by a slightly more lengthy expression, containing both a 2-parton, and a 4-parton component, but it is straightforward to write down. As another example, the wavefunction of a three-parton ground state is with 0.99 weight captured by the operator O 3/2 = Tr (ψ 1 ψ 2 ψ 3 ). Thus, its mass can be simply given by
where √ 6 is a wavefunction normalization. The cyclic symmetry of the wavefunction and the mass operator is also taken into account in this formula. This leading order result differs from the real mass m 2 = 5.7g 2 N/π by only 5%.
Multi-particle states and the continuous spectrum
How should we interpret the remaining states, not included in the discussion above? These states are not approximate eigenstates of particle number. From earlier work, these must be somehow related to the continuum, beginning at the first two-particle threshold, m = 2m F 1 , twice the mass of the ground state fermion. Thus, we must understand how our truncated, finite, Hilbert space is trying to approximate a continuum.
In this work, we will only study the approach to the two-particle continuum, and therefore our task will be to understand the spectrum below (3m F 1 ) 2 = 51.5, the first three-particle threshold. The M 2 spectrum of a free two-particle state is given by
Here, m i are the masses of the individual particles, and x labels the momentum fraction of one of these particles. How do we see such a spectrum at finite ∆ max ? Let us assume that The convergence of the free two-particle spectrum, as a function of 1/n max to the continuum. In the truncated basis, n max is the largest degree of Jacobi polynomials P (a,b) n used, corresponding to quasi-primary operators below a certain maximum dimension. The construction of the operator basis can be found in Appendix C. The red, purple, green and blue lines plot the expected spectra of free two-particle states
diagonalizing the full M 2 operator, we have converged to this spectrum, in some range of energies. In this case, the states we have found can be modeled by free two-particle states of a particular M 2 2part (x), with the masses m 1 and m 2 chosen from the spectrum of singleparticle states obtained earlier, and we are interested in plotting the spectrum as a function of ∆ max . In the case where m 1 and m 2 correspond to single-particle states in the fermionic sector, the quasi-primary operators which create the two-particle state, of two free particles are of the form
The general form of the quasi-primary operators, when one or two of the masses correspond to state in the bosonic sector, is described in Appendix C. Here, Ψ i are are free fields which create particles of masses m i , and ∆ = n + 1 for two fermions, ∆ = n + 1 2 for a boson and a fermion and ∆ = n for a two bosons. In terms of these operators, we can construct a basis of Figure 5 . The spectra of the multi-particle states in the four sectors with a given T -parity and statistics. They are compared with the free two-particle spectra of states F 1 ⊗ F 1 (red), F 1 ⊗ F 2 (purple), F 1 ⊗ B 1 (green) and B 1 ⊗ B 1 (blue). The F 1 ⊗ B 1 spectrum is not included in the bosonic sectors because there is no obvious counterpart of this state in the QCD 2A spectrum.
states, and calculate the M 2 2part (x) matrix in this basis:
where
defined as the Fourier transform of the quasiprimary operator, with x being the momentum fraction of one of the particles. 9 As mentioned in section 3, if both masses are associated with single-particles states in the fermionic sector, φ ∆ (x) will simply be a Legendre polynomial of a degree n related to ∆ as above. Note, that if both particles are identical fermions then only the antisymmetric states in the basis are allowed, in other words, only odd-degree Legendre polynomials occur. In Fig. 4 we provide a plot of the result of diagonalizing [M 2 2part ] ∆,∆ for ∆ ≤ ∆ max , as a function of ∆ max . Different color trajectories towards the continuum correspond to the the different two-particle states expected below the first three-particle threshold, where we have put in the appropriate masses m i obtained from the lowest three single-particle states (|F 1 , |B 1 , and |F 2 ) into eq. (4.5). Note, that the trajectories associated with |F 1 ⊗ |F 1 (the red-dashed lines) are more sparse due to the fermionic statistics, as discussed.
Having understood the expected properties of the continuum spectrum for finite ∆ max , we can now compare this to our results from diagonalizing the full M 2 as a function of ∆ max . The results are presented in Fig. 5 where we show separately the four sectors with a given T-parity and nominal statistics. The agreement is surprisingly good, especially in the bosonic sectors. As has been previously discussed in [6, [9] [10] [11] , the existence of a topological sector in this theory, allows for a state of two-fermions (nominally bosonic) to also appear in the fermionic sector, for example. The first two-particle threshold of m 2 = 4m 2 F 1 = 22.9 can be seen in all sectors. In fact, we find it remarkable, that the lowest red-dashed trajectory seems to be matching the full diagonalization even at quite small ∆ max (especially in the bosonic sectors), providing further evidence for effective conformal dominance. Higher trajectories in the bosonic sectors match also, but only once we go to higher ∆ max . This is due to the presence of the next two-fermion threshold at m 2 = (2.4 + 4.1) 2 = 42, which complicates the mixing. Consequently higher ∆ max is required to properly resolve the spectrum. For ∆ max = 9, in the bosonic sectors, all the states in the full theory match to the spectrum of the "free twoparticle model" to better than 5% accuracy once both |F 1 ⊗ |F 1 and |F 1 ⊗ |F 2 thresholds are included. We view this as evidence that we have correctly identified both thresholds using our method.
The matching in the fermonic sectors is poorer, but evidence for the thresholds can be seen. This can be do to the larger influence of the topological sector. We do not seem to be finding clear evidence for the existence of two-particle states, where one or both particles are bosons, in any sector. It is possible, that for larger values of ∆ max the matching will improve and two-particle states which include bosons will appear more clearly.
Conclusion
In this paper we have explored the phenomena of effective conformal dominance. This phenomena has been known for quite a while in the context of SUGRA backgrounds dual to confining gauge theories. Indeed, in such backgrounds, all the lightest bound-states are fluctuations of the SUGRA fields, above the background, with the heavier states being described by stringy bulk modes [12] [13] [14] . The SUGRA fields, are, of course, dual to the lowest dimension primary operators of the gauge theory, the effective conformal sector (typically the stress tensor and its SUSY partners). The stringy modes, on the other hand, are dual to operators of high scaling-dimension, which are decoupled from the low-energy spectrum. A natural question to ask is how robust is this phenomena of effective conformal dominance over the low-energy spectrum? In particular, does it hold only for theories where there is a hierarchy in the scaling-dimension of operators, or is it more universal? Holographic models of strong dynamics of the AdS/QCD type, or more recently of the AdS/CMT type, would be on firmer ground if this dominance were more generic, especially if the ultimate goal is to use them to understand physics quantitatively, and not just qualitatively. In this context the central question becomes, if we ignore all bulk fields above a certain mass, or equivalently include only operators whose dimension, ∆, is bound by ∆ max , what error should we expect on physical observables, such as the spectrum?
In this paper, we attempted to answer the above questions in the context of a QCD 2A , a theory whose UV is a CFT without a hierarchy in the scaling-dimension of operators. Nonetheless, we have found that effective conformal dominance holds, with high-scaling dimension operators decoupling exponentially fast, roughly as e −∆max , from the low-energy spectrum. This observation, has allowed us to suggest a new technique for solving this theory. We compared our low-energy spectrum to numerical DLCQ results, and found very good agreement. We find this to be an encouraging sign that effective conformal dominance could be a useful guide in obtaining a quantitative understanding of other strongly interacting systems. It would be interesting to test this phenomena in other strongly coupled theories both in 2D, and in higher dimensions.
A The quasi-primary operators
In this appendix we describe in detail the construction of the conformal quasi-primary operators of multi-parton states. The Hamiltonian, which breaks the CFT with a single scale, is more easily diagonalized using the basis of these quasi-primary operators. We consider a single trace operator of adjoint fermions at a given dimension
which, acting on the vacuum, creates a conformally symmetric k-fermion state. Note that at m = 0, because of the equation of motion ∂ + ψ = 0, all the derivatives acting on the right moving state ψ are with respect to the "space-like" coordinate x − . Due to the chiral symmetry of the Hamiltonian, there is no mixing between the left and right moving states χ and ψ. In fact, it has been shown that [6, 9] even for the massive bound states of these fermions, the massive sector of χ only enters through the currentJ ab = χ ac χ cb , which is related to the right moving current J by current conservation. Thus it is sufficient to consider in the quasi-primary operators only the right moving ones. The quasi-primary operator satisfies the commutation relation
Here K − is the generator of the special conformal transformation along x − . We will assume the superscript of x − implicit hereafter when there is no ambiguity. The special conformal transformation generator K that leaves the free fermion Lagrangian invariant is given by
Thus the commutator of K with a single trace operator in (A.1) is 10
In order to ensure O n+k/2 in (A.1) is a quasi-primary operator we have to choose a set of c s 1 ,s 2 ,...,s k such that the second term in the equation above vanishes.
To proceed, we consider the k-fermion state in the momentum space using the mode expansion
The coefficients and the derivatives of a quasi-primary operator acting on the vacuum can then be simplified into a homogeneous polynomial of fermion momenta, that is
(A.6) 10 Where we impose the anti-commutation relations at equal x + :
If we define the amplitude
whereas the vanishing of the second term in (A.4) implies
When we diagonalize the Hamiltonian with these quasi-primary operators the total momentum P of a state is fixed, p i = P . That means the function f (p 1 , p 2 , ..., p k ) is defined on a simplex. This, together with eq. (A.7), suggests that we can rewrite the function f (p 1 , p 2 , ..., p k ) in terms of a set of angular variables defined by
It is so arranged because it simplifies the structure of the Hamiltonian, as we will see in the next section. In the new variables eq. (A.8) becomes
The first two terms reduce to 4n(n + k − 1)f given that f is a homogeneous function of order n. The variables of this equation can be separated and the solution is a product of the wellknown hypergeometric functions 2 F 1 (a, b; a+b, sin 2 θ i ), with a and b integers to be determined.
Hence it is also equal to a product of Jacobi polynomials of the form P (a+b−1,0) −a (cos 2θ i ). In general, the solution can be written as linear combinations of
where we have used θ 1 , θ 2 , θ 3 | to denote p 1 , p 2 , ..., p k | to make the dependance on the θ's more explicit. It can be easily translated into
by using eq. (A.9). As another example, the quasi-primary operator in our basis for T-even with 3 partons and dimension 4.5 is
(A.18)
B The mass matrix in the angular variables
In this appendix we describe the calculation of the mass matrix elements in terms of the angular variables defined in eq. (A.9). The action for the model using light-cone coordinates, x ± = (x 0 ± x 1 )/ √ 2, and choosing light-cone gauge A − = 0, is
where ψ and χ are respectively the right-mover and left-mover fermion (analogous to chiral fermions in 4 dimensions). It is convenient to choose x + as the time component, since with this choice χ and A + are not propagating degrees of freedom. Integrating out this non-propagating fields one finds that the momentum operators are
(B.
The mass matrix is given by (M 2 ) ij = O i |2P + P − |O j . In order to compute this matrix it is convenient to first write the matrix element ± cyclic permutations of (x 1 , x 2 , ..., x k ) (B.3) where x i = p i / p j and ψ k (x 1 , x 2 , ..., x k ) = p 1 , p 2 , ..., p k |ψ . The sign in the last term is always positive for odd k and alternates with each cyclic permutation for even k.
Introducing a complete set of gauge-singlet states k k −1 |p 1 , p 2 , ..., p k p 1 , p 2 , ..., p k |, using the cyclic properties of the wave-functions and changing to the angular variables of eq. (A.9), one can show that writing the mass matrix in the angular variables, we are able to expedite the calculation and avoid issues with the convergence of numerical integration near singularities.
On the other hand, we currently lack an optimized strategy for performing the algebraic manipulations required to construct ψ k−2 p 1 =p 2 =0 and for explicitly canceling the 1/ sin 2 θ k−2
pole. The addition of the ψ k−2 p 1 =p 2 =0 term also spoils the factorizability of the integrals and forces us to deal with multi-dimensional integrals over the angles. This constitutes one of the main bottle-necks for extending our computations to larger ∆ max .
C Quasi-primary operators in the effective two free-particle models
In this appendix we present the general case for the quasi-primary operators of two free particles, where the particles can be two fermions, a boson and a fermion or 2 bosons. The general form of quasi-primary operators bilinear in the fields can be written in terms of Jacobi Polynomials (see, e.g., [15] ) It contains an extra factor of p + compared to the fermion operator in eq. (A.5). Hence the wave-function of a state created by bosons has extra factors of square root of momenta, compared to the fermion case, in addition to the difference in polynomials discussed in the previous paragraph. The effect of a topological sector is simply accounted for, by adding to the operator dimension ∆ an extra factor of 1/2 or −1/2, which is the dimensional difference between a bosonic single-particle state and a fermionic single-particle state. For example, the twofermion threshold of the state F 1 ⊗ F 1 appears in the fermionic sector. In order to match the QCD 2A spectrum with the free F 1 ⊗ F 1 spectrum generated by two fermion operators, we subtract 1/2 from the operator dimension ∆, assuming, from the point of view of operator dimension, that the topological sector converts one of the fermions into a boson.
